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ABSTRACT

This is a review paper based on a recent article on FG- coupled fized points [17], in which the authors
established FG- coupled fixed point theorems in partially ordered complete S* metric space. The results
were illustrated by suitable examples, too. An S* metric is an n-tuple metric from n-product of a set
to the non negative reals. The theorems in [17] generalizes the main results of Gnana Bhaskar and

Lakshmikantham [5].
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1 INTRODUCTION

In 1906, Maurice Frechet introduced the concept of metric as a generalization of distance. He defined
a metric on a set as a function from the bi-product of the set to the non-negative reals that satisfy
certain axioms. Later, several authors generalized the concept of metrics by either changing the domain
or co-domain of the metric function or by varying the properties of the metric function [3,4,8,11,15,16|.
An n-tuple metric called S* metric is the latest development in this direction. Since the existence
of fixed points is depending on the function as well as on its domain, studies started on fixed point
theory by considering those generalized metric spaces. Now a lot of fixed point and coupled fixed point
results are available under different types of metric spaces [2,6,7,9,13,14]. In [1] Abdellaoui, M.A. and
Dahmani, Z. introduced S$* metric and they have proved fixed point results in S* metric spaces. But
the same concept can be seen in [10], under a different name. In [10] Mujahid Abbas, Bashir Ali, and
Yusuf I Suleiman coined the name A- metric for this concept, and they have proved common coupled
fixed point theorems with an illustrative example.

Recently, the concept of FG- coupled fixed points was introduced as a generalization of the concept of
coupled fixed points in [12]. Some of the famous coupled fixed point theorems are generalized to FG-
coupled fixed point theorems in [12,18,19].

In [17], the authors established FG- coupled fixed point theorems in the setting of partially ordered
complete S* metric spaces. This is a review paper of [17].

Some useful definitions and results are as follows:
Definition 1. [1,10/ An 8" metric on a nonempty set X is a function
S*: X" — [0,00) satisfying:
(i) S*(x1, 2, - ,zy) >0,
(ii) S*(x1,xe, - ,xy) =0 if and only if 1 = x93 = -+ = Xy,

(Z“) S*(xlvx% o -,l’n) < S*($1, o '7x17a) + S*(x27 o '71'27&) e S*($n, ’ ')wnaa)

for any x1,x2, -+ ,xn,a € X. The pair (X, S*) is called S* metric space.

Lemma 1. [1,10] Suppose that (X, S*) is an S* metric space. Then for all
x1, w2 € X, we have S*(x1,x1,- - ,x1,22) = S* (9,2, -+ , X2, 71)

Definition 2. [1, 10/ We say that the sequence {xp}pen of the space X is convergent to x if
S*(xp, xp, -+ ,Tp,x) = 0 as p — oo. We write lim, oo x, =z

Definition 3. [1,10]/ We say that the sequence {x,}pen of the space X is of Cauchy if for each € > 0,
there exist po € N such that for any p,q > po,
S*(@p,++ , Tp, Tg) <€

The space (X, S*) is complete if all its Cauchy sequences are convergent.
Lemma 2. [1,10] Let (X, S*) be an S* metric space. If {xp}pen in X converges to x, then x is unique.

Definition 4. [12] Let X and Y be any two non-empty sets and F: X XY — X and G: Y x X =Y
be two mappings. An element (x,y) € X x Y is said to be an FG- coupled fized point if F(x,y) = x
and G(y,z) = y.

Definition 5. [12] Let (X, =<p,) and (Y, =<p,) be two partially ordered sets and F': X x Y — X and
G:Y x X =Y be two mappings. We say that F' and G have mized monotone property if F' and G are
increasing in first variable and monotone decreasing second variable, i.e., if for all (z,y) € X XY,
x1, w2 € X,x1 2p, x2 tmplies F(x1,y) <p, F(z2,y) and G(y,x2) <p, G(y,z1) and

y1,Y2 € Y, y1 2p, y2 implies F(x,y2) <p, F(z,y1) and G(y1,x) 2p, G(y2, ).
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Note 1. [12] Let F: X XY — X and G : Y x X =Y be two mappings, then forn > 1, F"(x,y) =
FE(2,y), Gy, 7)) and G"(y,z) = G(G" " (y,2), F""H(2,y)), and F(z,y) = = and G°(y, ) =
y forallz e X andy €Y.

Note 2. Let (X, =p,) and (Y, <p,) be two partially ordered sets, then we define the partial order <12 on
X XY and the partial order <01 on'Y x X as follows:
Forallz,u € X and y,v €Y

(z,y) <12 (u,v) < x=2p uandv =p, y
(y,x) <91 (v,u) & y=<pvandu=p T

2 Main Results in [17]

Mainly two F'G-coupled fixed point theorems are discussed in [17], first one deals with the existence of
FG-coupled fixed point and the second deals with both the existence and uniqueness of F'G-coupled
fixed point. They are as follow:

Theorem 1. [17] Let (X, Sy, <p,) and (Y, S, <p,) be two partially ordered complete S* metric spaces
and F: X XY - X and G: Y x X — Y be two mappings with mized monotone property and satisfy
the following:

S;(F(Ji,y), ,F(.T,y),F(’U,,U))
< alS;(xﬂ"' ,x,u)+a25;(w,~-- ,.Z‘,F(I',y)) —i—a;;S;(m,-.- ,.%',F(U,’U))
—|—a,4S;(’U,,'~- 7u,F<1‘,y)) +a55';(u,~~- ,u,F(u,v)), V(.%',y) <12 (ua ’U) (1)

and

S; (G(y7 ‘,1;)7 e 7G(y7 :1:)7 G(U7 U))
< bISZ(ya Y, U) + bQSZ (y7 Y, G(y7 .’L')) + b3SZ (y7 Y, G(Ua ’LL))
+b4S; (U, L, G<y7 1’)) + b5SZ (Ua L, G<U7 U)), v(yv l') <21 (U7 U) (2)
for the non negative a;,b;,1 = 1,2,3,4,5 with

a1 +as+nag+as <1, by +by+nbs+bs <1, ag+as <1, by +by <1.
Also suppose that either

(I) F and G are continuous or
1I) X and Y have the following properties:
( g

(1) if {zr} is an increasing sequence in X with zy — z, then z <p, z for all k € N

(i) if {wy} is a decreasing sequence in'Y with wy — w, then w <p, wy for all k € N.

If there exist g € X and yo € Y with (xo,y0) <12 (F(:co,yo),G(yo,mo)), then there exist an FG-
coupled fized point.

Proof. Given zg € X and yp € Y such that (zg,y0) <i2 (F(wo,yg),G(yo,xo)) I (zo,y0) =
(F(mo, Yo), G (o, xo)) then (zg, o) is an F'G- coupled fixed point.
Otherwise we have
(z0,%0) <12 (F(z0,%0), G(y0,z0))

Then by the definition of the partial order on X x Y we have either
zo 2p, F(20,y0) and G(yo, o) <p, Yo or xo <p, F(z0,y0) and G(yo, o) =p, Yo
Without loss of generality we assume that

w0 2p, F(wo,90) and G(yo,70) <p, Yo (3)
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Let 1 = F(xo,y0) and y1 = G(yo,xo)-
By (3) we have,
o 2p, 21 and y1 <p, Yo

By the mixed monotone property of F' and G we have

F(l’o,yo) jP1 F(ﬂfl,yo)
=p F(r1,11) (4)

and

G(y1,x1) =p, G(yo,x1)
=<p, G(yo,z0) (5)

Let 9 = F(x1,y1) and y2 = G(y1,21)-
By (4) and (5) we have,
x1 2p, 2 and Y2 <p, Y1

Continuing this process by using the mixed monotone property of F' and G and by using the definition of
partial order on X xY we get sequences {z, } and {y, } in X and Y respectively as: for all m € NU{0}

Tm+1 = F(@m, ym) and Ymi1 = G(Ym, Tm) (6)
with the property that for all m € NU {0}
Tm jPl Tm+1 and Ym+1 ng Ym (7)

That is by the definition of partial order on X x Y and Y x X we have,

(IEm, ym) <19 (:L'erl, ym+1)

and
(Yms Tm) =21 (Ym+1, Tmt1)

Claim: For all k € N

SH( Ty T, Tpg1) < oF SE(zg, -+, @0, 21) (8)
and
Si(Wry Yk k1) < B Si(yo, -+ 5 yo, 1) (9)
where
Oé:cz1—1-612+(n—1)(13<1 and5:b1+b5+(n_l)b4<1 (10)
1—a3—as 1—by—by

Now, we prove the claim by the method of mathematical induction.
When k£ =1 we have,

Si(zy, -+ ,x1,22)

=S5 (F(x0,%0), -+ F(w0,50), F(z1,y1))

<a1S;(zo, -+, 0, 1) + a2y (x0, -+, z0, F (w0, 10)) + azSy (2o, -+, o, F(z1,91))
+a4S;(a:1, e ,xl,F(xo,yo)) +a5S;§(x1, e xy, )

=a1S; (o, ,x0,21) + aaSi(zo, -+ ,xo, 1) + azSy(xo, -+ ,xo, T2)
+asSi(x1, -, 21, 22)
= (a1 + a2)Sy(xo, -+ , w0, 1) + a3Sy(xo, - ,x0, T2) + a5 Si(x1, -+ ,T1,T2)
<(a1+ a2)S;(xo, -+ ,x0,71) + ag[(n —1)Si(xo, -+ ,x0,x1)
+S;(zg, - ,:1:2,:):1)] +as5S;(z1, -+ ,x1,22)
= (a1 + a2)S;(xo, -+ ,z0,x1) + as [(n —1)Si(xo, -+ ,x0,x1)
+S5(z1, - ,xl,wz)] +as5S;(z1, -+ ,x1,2)

=(a1 + a2 + (n — L)ag) Sy(zo, -+ ,x0,21) + (a3 + as)Sy(z1,- -, x1,22)
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which implies that
(1—a3z—as)Sy(z1, -+ ,z1,22) < (a1 +a2+ (n—1)ag) Sy(xo, -, x0,21)
That is,

a1 +az + (n—1)ag
1—a3—a5

S;k;(xlv"' 7x17$2) S;(Z'(), ,1‘0,1‘1)

Similarly we have,

Sy(yrssyy2) <0 (b +bs+ (n—1)ba) Sy(yo, - Yo, y1) + (b2 +ba)Sy(y1, -+ Y1, y2)
which implies that
(L—=b2—ba) Sy(yr, - y1,92) < (b1 +bs5 4 (n—1)ba) Sy(yo, -, ¥0,91)
That is,

bl+b5+(n—1)b4
1—0by—by

S;(yla >y17y2) < S;(y()’ 73/0»@/1)

Thus the claim is true for k£ = 1.
Now assume the claim for ¥ < m and check for k = m + 1.
Consider,

S (T, Tt 1, Tm2)
:S;(F@m?ym)a'” aF(xmaym)7F(xm+laym+l))
<a1Sy(Tm, 5 Ty Tm1) + 2S5 (T Ty F (T, Yim))

+a3S; (xm, T ,xm,F(:vm+1,ym+1)) + a4S; ($m+17 T >$m+1,F(iL‘maym))

+a5S5 (Tma1,  Tmgt, F(@mg1s Yms1))

=a15,(Tmy s Ty Tmt1) + @255 (T, -+ s Ty Tt 1)

+a3S;(Tmy - s Tm, Tmt2) + 555 (Tma1, s Tt 1, Tmt2)
=(a1 4+ a2)Si(Tm, *  Tm, Tmt1)+a3S5 (T, Ty Tinr2) T 0550 (Tmt1s s Tt 1, Tmt-2)
<(a1 4+ a2)S;(Tm, -, Ty, Tm41) + as [(n —1D)SH(@m, Ty Tnt1)

S5 (Tmt2, - Tmt2, Tnt1)] + 0585 (Tmt1s - s Tt 1, Tmta)

=(a1 + a2)Si(Tm, s Tm, Tmt1) + as [(n — 1S5 (Zm, Ty Tng1)

+S5 (a1, s Tt Tmy2)| + @585 (Tmats - T, Tme2)
=(a1+az+ (n—1)as) Su(Tm, -, Tmy Tm+1) + (a3 + a5) S5 (Tmt1s s Tmt1, Tmt2)

which implies that

(1 —as — C%)S;(l’m_;,_l, T ,$m+17xm+2)
<(a1+ a2+ (n—1)as) Si(Tm, " s Tm, Tm+1)

ay +az + (n— 1)a3]m
S*
1—as—as ;(;(x07 aw()axl)

<(a1+az+ (n— 1)%){

Therefore,

ai +az + (n — 1)a3]m+1

1—a3—a5 m($07 ,iEO,.’El)

Se(Tmtt1, s Tty Tmy2) < {
Similarly we have,

S;/((ym+17"' aym+17ym+2) < (bl +b5+b4(n_ 1))5;(:[/7”, 7ymgym+1)
+(b2 + b4) Sy (Ym+1,**+ » Ym+1, Ym+2)
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which implies that

(1= b2 = b4)Sy(Ym+1," " s Ym+1: Ym+2)
S (bl + b5 + b4(7’L - 1))S;(yma oy Ums ym+1)

b1 +bs+ (n—1)bgym
§(b1+b5+b4(n—1))[ ! 15—b2<— ba ) 4] Sy(y()v"' 7y0>y1)

Therefore,

S;(merl’ sy Ymd, ym+2) <

by + b5+ (n— 1)baym+l
[ ! > ( )4:| Sy(y(Ja"' 73/0,.@1)

1—0by—by
Thus the claim is true for all k¥ € N.

Next we prove that {x,,} is a Cauchy sequence in X and {y,,} is a Cauchy sequence in Y.
Let p,q € N with p < q.

Consider,
Sa(@py -+ s Tp, Tq)
< (n—=1)8;(zp, -+ @p, Tpt1) + SpTg, -+ g, Tpy1)
=(n—1)Sz(zp, -+, Tp, Tpt1) + Sp(Tpt1, 7+ 5 Tpt1, Tg)
< (n =18 (@p, -+ Tp, Tpr1) + (0 = 1) S (@ps1, -+, Tpt1, Tpy2)
+55 (g, -+ s 2, Tpy2)
= (0= 1) [ S5@ps e s @pe1) + Sa(@pirs -+ s Tpr1, Tpi2)]
+S;(xp+27 T 7mp+2a$Q)
< (0= 1) |Si(@ps - 1@y Tpr1) + 53t o Ty, Tpi2)
+o+ Sp(@g—2, 0 Tg-2,Tg—1) | + Sp(Tg, 0 Tg, Tg—1)

= (n - 1) ZS;($“ e 7332'7551'-1-1) + S;(iq—h e ,J,‘q_l,l‘q)

q—2
< (n - 1) Z aiS;(f’?O» o 7$0>$1) + aq—ls;($0’ to 71:071:1)
i=p
q—2
= (n—1)S5(x0, -+ ,20,21) Y o +aT 'Sk (wo, -+, 30, 71)
i=p
ap * qg—1 q*
S (n_l)ﬁsm(x()a ,l‘o,l’]_)—{—()é Sz($07"' 7$Oax1)

—0asp, ¢ — oo since a < 1

Thus, {x,,} is a Cauchy sequence in X.
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Similarly we have,

q—2
S;(yp7 e 7yp)yq) S (n - 1) Z SZ(yu o 7yi7yi+1) + S;;(yq—la T 7yq—1)yq)
i=p

q—2
< (Tl - 1) Z/BZ sz/((y()a 5 Y0, yl)_l_/gq_lsz(ym 5 Yo, yl)
1=p

q—2
- (TL - 1) S;(yoa te 7y07y1) Z 6Z + 511—15;(:(/0, 5 Y0, yl)
i=p
ﬁp * —1 gx*
S(n_l)i‘g (Z/O,"' 7y07y1)+ﬁq Sy(y07"' 7y05y1)

1-3"v

—0as p, ¢ — oo since f < 1

Thus, {ym} is a Cauchy sequence in Y.
Since X and Y are complete S* metric spaces, there exist x € X and y € Y such that

pl;rgo zp =z and plirgo Yp =1y (11)

Case (I): First assume that F' and G are continuous.
Therefore by (6) and (11) we have,

v = lim aper = lim F(zp,yp) = F(z,y)
and
y = lim ypi1 = lim Glyp,2p) = Gly, )

That is F(z,y) =z and G(y,z)=vy.

Thus (z,y) is an F'G- coupled fixed point.

Case (II): Suppose that X and Y have the properties (i) and (i7) respectively.

By (7) we have, {z,,} is an increasing sequence in X and {y,,} is a decreasing sequence in Y and by
(11) we have limy, 00 Ty, = © and limy, o0 Ym = ¥

Therefore by the hypothesis we have for all m € N

Tm 2p T and Yy 2p, Ym
Therefore by the definition of partial order on X x Y and Y x X we have
(T, ym) <12 (2,y) and (y,2) <21 (Ym, Tm)
Consider,

S;';(:L‘,--- ,x,F(m,y))

< (n =18 (@, 2, wmi) 5 (F(2,y), -, F(2,9), Tmea)
n—1)S(z, @, xmi1) + Sy (Fla,y), - F(2,9), F(Tm, ym))
n—1)Sy(z, -, 2, Tmy1) +5; (F(xmvym)7 o F(2, Ym), F(x, y))

<(n—1)8i(z, 2, Tmy1) + 155 (Tm, T, T) + 2S5 (T -+ Ty F (T Yim))
+a3S;(Tm, T, F(,y)) +aaSi(z, - 2, F(@m, ym)) +asS;(z, -+ ,z, F(z,y))
=(n-18(z, 2, Zms1) + @155 (T, -+ Ty ) + @255 (Tny ++ y Ty Tinp1)
+asS; (:):m, Ce L Toms F(x,y)) + asSy(z, - T, Tymy1) + a5S; (x, cee L, F(w,y))
<(n—1)8x(x, -, x,Tms1) + 1S5 (Tm, s T, ) + 2S5 (Tmy -+ 5 Tny Tint1)

+as [(n - 1)5’;(xm7 ,ill’m,-f) +S;(F($,y), ,F(l’,y),l’)]
+G4S;($7"' a$7xm+1) +CL5S;(£L',"' ,I‘,F(l’,y))
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By taking the limit as m — oo on both sides, and by using (11) and Lemma 1 we get
S::(x? IL‘F(I’ y)) (CL3—|—G5)S(IL‘,,ZL’,F(IL‘,?/))

since az + a5 < 1 we get S;(JU,"' ,a:,F(x,y)) =0

Thus we get
Fle,y) =a (12)
Similarly,
Se(ys-,y, Gy, x))
< (0= DS 9. hmr1) + S(Gl1,2), -+ Gl0:2), Ymsa)
<(n=1)Sy(Y, ¥, Ymt1) + Sy (G(y, x), -+, Gy, ), G(Ym, Tm))
<(n =185y, Y, Yms1) F 0155 (Y, -+ ¥, Um) + 0255 (y,- -+ ,y, Gy, x))

+b3S; (y,-- ,y,G(ym,xm))+b4S;(ymy“'  Yms G(y, 7))
+b5S;; (ym7 3 Yms G(Ym, .Q?m))
< =185y, Y, Ymr1) + 0155 (Y, -+ ¥, Ym) + 0255 (y, -+ ,y, Gy, x))
0355 (Y, -+ Y Ymr1) +04Sy (Yms - Yy G4, 2)) 40555 (Yms -+ 5 Y Y1)
<(n =185y, Y Yma1) + 0155 (Y, -y ym) + 025y (y, -+, y, Gy, x))
+03Sy(ys -y Y1) +ba [0 = DS W=+ sy y) + S™(Gy, @), -, Gly, 7). )]
+b55y (Yms*** s Yms Ym+1)

By taking the limit as m — oo on both sides, using (11) and Lemma 1 we get

S; (ya Y, G(ya .CC)) < (bQ + b4) S; (yv Y, G(yv l‘))

since by + by < 1 we get S’;(y,--- ,y,G(y,:U)) =0
Thus we get
Gy,z) =y (13)

Therefore by (12) and (13), (x,y) is an FG- coupled fixed point.
Hence the proof.

By takingn =2, X =Y, F =G, as = by = k, a5 = bs = [ and the remaining a;,b; = 0, we get a
coupled fixed fixed point theorem for Kannan type mapping. We give the result as a corollary as follows:

Corollary 1. Let (X,d, =) be a partially ordered complete metric space and F : X x X — X be a
mapping having the mixed monotone property on X satisfying:

d(F(m,y),F(u,v)) <k d,(:L‘,F(:U,y)) +1 d(u,F(u,v)) YV (z,y) > (u,v)

for non negative k,l with k+1 <1
Suppose that either

(I) F is continuous or
(II) X satisfy the following:

(1) if {zx} is an increasing sequence in X with vy, — x, then xp < x for allk € N

(i) if {yx} is a decreasing sequence in X with yi, — y, then y < yi for all k € N.
If there exist xg,y0 € X such that (zg,y0) < (F(xo, Yo), F(yo,mo)) then F has a coupled fixed point.

By takingn =2, X =Y, F =G, a3 = bs = k, agy = by = [ and the remaining a;,b; = 0, we get a
coupled fixed point theorem for Chatterjea type mapping. We give the result as a corollary as follows:
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Corollary 2. Let (X,d, =) be a partially ordered complete metric space and F: X x X — X be a
mapping having the mized monotone property on X satisfying:

d(F(x,y),F(u,v)) < k d(x,F(U,’U)) +1 d(qu(x7y)) v (‘Tay) > (’LL,’U)
for k,1€0,3)
Suppose that either

(1) F is continuous or
(II) X satisfy the following:

(i) if {x} is an increasing sequence in X with x — x, then x <X = for all k € N

(i) if {yx} is a decreasing sequence in X with yi, — y, then y < yi for all k € N.

If there exist xg,y0 € X such that (zg,yo) < (F(aco, Yo)s F(yo,xo)) then F has a coupled fized point.

Remark 1. By putting different values to the constants a;, b;; @ = 1,2,3,4,5 which satisfy the conditions
mentioned in Theorem 1 we get various F'G- coupled fixed point theorems.

Remark 2. By varying the constants a;,b;; 1 = 1,2,3,4,5 which satisfy the conditions mentioned in
Theorem 1 and by taking X =Y and F = G we get different coupled fized point theorems.

Example 1. Let X =[0,1] and Y = [-1,0]
Consider the metric S* defined on both X and Y as

S*(ar,- -+ ,an) :ZZW—%

i=1 i<j
For x,u € X, consider the partial order < asx <u & xz=u

and for y,v € Y, define partial order < asy <v & y=w.
Let F: X XY - X and G:Y x X =Y be defined as

20 —x
3

F(x,y)zg and G(y,x) =

As per the partial order defined on X and Y it can be easily verified that F' and G are mized monotone
mappings and satisfy the conditions (1) and (2).
Here {(z,—x) : x € [0,1]} is the set of all FG- coupled fized points.

Theorem 2. [17] Let (X, Sy, <p,) and (Y, S, <p,) be two partially ordered complete S* metric spaces
and F: X XY - X and G:Y x X =Y be two mappings with mized monotone property satisfying:

S;(F(x7y)a o '7F($7y)7F(ua ’U)) < aS;;k(xv o ',.%',U) + bS;(ya o '7y77})a V(l',y) <12 (u,’u) (14)
and
SZ(G(y,:C),,G(y,a:),G(v,u)) SGSZ(%"W%U)+bS;(337“'7$7U)7 v(y7$) <21 (’U,U) (15)

for non negative a,b with a + b < 1. Also suppose that either

(I) F and G are continuous or
1I) X and Y have the following properties:
( g

(1) if {zx} is an increasing sequence in X with z, — z, then z <p, z for all k € N

(i) if {wy} is a decreasing sequence in'Y with wy, — w, then w <p, wy, for all k € N.
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If there exist xy € X and yo € Y with (xo,y0) <12 (F(mo,yo),G(yo,xo)), then there exist an F'G-

coupled fized point in X X Y.
Moreover unique FG- coupled fixed point exists if

(111) for every (x,y),(z1,y1) € X X Y there exist a (u,v) € X X Y that is comparable to both

(z,y) and (z1,y1).

Proof. Following as in the prof of Theorem 1 we can construct an increasing sequence {Z, }men in

X and a decreasing sequence {ym, }men in Y defined as:

Tm+1 = F(xmaym) and Ym+1 = G(ymaxm)
with the property that
(l'mv ym) <12 (xm—i—la ym—‘rl)

and
(Yms Tm) <21 (Ym+1s Tmt1)

By (16) we have

Tmi1 = F(@m, ym) = F™(20,90) and ymi1 = G(ym, 2m) = G™(yo, o)
Claim: For p € N,
Si(@p, -, Tp, Tps1) < (a+b)P [Si(zo, -+ ,x0, 1) + Sy (Yo, -+ Y0, Y1)]
and

S;(y]h 7yp)yp+l) S (a+b)p [S;(l‘[), 73707:1:1) +S;(y07 T 7y07y1):|

Now we prove the claim by the method of mathematical induction.
When p = 1 we have,

Sz, w1,22) = Sy(F(wo,90), -+, F(zo,%0), F(z1,51))
a S;(lhu e ,ﬂfo,fﬂl) + b SZ(?JO; e 7?/0,y1)
(CL+ b) [S;(J"Ov Tt ,I‘O,l‘l) + S:lj(yo) T 7y07y1)]

and

Sy(yi, - y1,92) = Sy(y2, - Y2, 1)

Sy (Gyr, x1),- -, Gy1,x1), G(yo, 70))

a Sy(y1,-+ ,y1,%0) +b Sp(x1,- -+, 21, 70)

= a S, (Yo, ,Y0,y1) + b Sy(wo, -+ , w0, 71)

< (a+b) [Sy(xo, - zo,21) + Sy (Yo, , Yo, y1)]

IN

Therefore the claim is true for p = 1.
Now assume the claim for p < m and check for p = m + 1.
Consider,

S;ck(xm—i-lv T ,$m+1,$m+2): S;(F(J}m, ym)7 T ,F(xm,ym)a F(wm-l-l;ym—i-l))

< a S;(xma e ,xm,xm+1) +0 S;(yfm T :ymaym—i-l)
<a (a+b)m [S;(ffo, 71;071;1) +S;((y07 ay07y1)]

+b (a+b)™ [Sk(xo, - -, z0, 21)+ 55 (Yo, -+ Yo, y1)]

= (a+ b)m+1 [S;(m'(), tt ,f]f(),wl) + SZ(y07 T 7y07y1)]

Similarly,

Sy (Umtts  Ymats Yme2) < (a+b)" T [Sk(zo, -+ w0, 21) + Si(yo, -+ 1y, Y1)

(16)
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Thus the claim is true for all p € N.
Next we prove that {z,}pen and {yp}pen are Cauchy sequences in X and Y respectively.
Consider for p,q € N with p < g,

Sa(@py -+ s Tp, Tq)

< (n =185 (2p, - p, Tpr1) + o (2, - Tgy Tpy1)

=(n—1)Sz(xp, s Tp, Tpp1) + S5 (Tpt1, -+, Tpr1, Tg)

< (n - I)S;(xpv T 7xp7xp+1) + (n - I)S;(xp-i-l? U 7xp+17xp+2)
55 (g, Ty Tpra)

=(m-1) [S;(xpa e Ty Tpp1) + S5 (T, T, Tpaa)

+S;($p+2, Ty Tpt2, xq)
< (0= )| Si@p - @y mpin) + S3(@pins o s Tpit, Tpy2)
o+ Sp(Tg—2, - Tg—2,Tg-1) | + S (Tgs 7+ Ty, Tg—1)

q—2
= (n - 1) ZS;('I‘M T 7$i;$z’+1) =+ S;ck(xII*h o 7xQ*17x(1)

i=p
q—2
S (TL - 1) ((l + b)l [S;(‘I.O? e 7‘%.071.1) + S;(yo: T 7y07y1)]
i=p
+(a+b)q_1 [S;(LUO, o 7:607:61) +SZ(y07 ayO)yl)]
q—2
= (n_ 1) [S;(xo, ,CC(),Iﬂl) +S’Z(y07 7y07y1)] Z(a—i_b)l
i=p
+(a+b)q_1 [S;(JT[), e 7x05x1) + S;(yoa et 7y07y1)]
a—+b)P * *
<(n-1) 1(—a—)b [z (w0, -+ @0, 1) + Sy (Yo, -+ Yo, Y1)

_}_(a_{_b)Q*l [S;(.CU[), e ,I’O,l‘l) + S;(y07 o 7y07y1)]
—0asp,qg— o0, sincea—+b< 1.

Thus, {Zm }men is a Cauchy sequence in X.
Similarly we have,

. (a+ b)?
Sy(ypa"'aypqu) < (n—l)m

+(CL+ b)q_l [S;;(IO’ e ,1130,1’1) + ng(yo) te 7y07y1)]
—0as p,gq— o0, sincea+b < 1.

[S;(m()) e ,.’L‘(),ZL'l) + S;((y(% e ay07y1)]

Thus, {ym }men is a Cauchy sequence in Y.
Since X and Y are complete S* metric spaces, there exist x € X and y € Y such that
lim z, =2 and lim y, =y (20)

p—+00 p—00

As in the Theorem 1, by assuming the continuity of F' and G we can prove that (z,y) € X x Y is an
FG- coupled fixed point.

Now, suppose that X and Y have the properties (i) and (7i) respectively.

Since {zy, } is increasing in X and {yn, } is decreasing in Y and by using (20) we have Vm € N z,,, <p, =
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and ym =p, Y
That is by the definition of partial order on X x Y and Y x X we have

(@m, ym) <12 (z,y) and (Ym,Tm) >21 (Y, )

Now consider,

Sz, z,F(z,y))

<(n-1) S;(x,--- ,:c,F(atp,yp))—i-S;(F(a;,y),--- ,F(m,y),F(m’p,yp))
=(n—1) Sy(z,- 2, F(zp,yp)) + S5 (F(2p,yp), -+ Fl@p, yp), Fl,y))
<(n—1) Sy(x, -z, 0p01) +a Sp(wp, -+ 2p,2) +0 Sy (Yps -+, Yps ¥)
—0asp— o0

Thus, F(z,y) = x.
Similarly,

S;/( (ya Y, G(ya IE))

<(n—-1) S; (?Ja ce ,y,G(yp,:Ep))—i—S; (G(y, ), G(y,z), (ypvmp))
=(n—1) Sy(y, -y, ypt1) + S, (G(y, @), - ( x), G(y »))
S(n_l) S;Z(yv ,y,yp+1)+a S;;(yv ,y,yp)+bS ( 7$7xp)

—0asp— o0

Thus, G(y,z) = y.
That is, F'(z,y) = = and G(y,x) = y.
Hence (z,y) is an F'G- coupled fixed point.

Next we prove the uniqueness of F'G- coupled fixed point.
Claim: for any two points (x1,y1), (22,y2) € X x Y which are comparable and for all k € N

S;(Fk(xlvyl)v"'7Fk(:rhyl)aFk(vayQ))S(a+b)k [S;(xlu"'a$1al‘2)+sz;(y17"'ayl)yZ)] (21)

and

Si(GF(y1, 21), -+, GF(y1, 21), GF (ya2, 22))<(a + 0)F [Si (1, -, 21, 22) + S5 (Y1, -+ y1, 42)] (22)

Without loss of generality assume that (z1,y1) <12 (%2,y2).
That is by the definition of partial order we have 1 <p, z2 and y2 <p, 11
By the mixed monotone property of F' and G we have

F(z1,31) 2p F(w2,y1)
jP1 F(anayQ)

and

G<y17x1) t172 G(y2,$1)
tpz G(y%x?)

Again by the mixed monotone property of F and G we have

Fai,y) = F(F(ai,y), Gy, )
<p F(F(22,32).Gy1,71))
<p F(F(x2,42), G(y2, 22))
= F%(x2,y2)
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and
G*(y1,71) = G(Gyr, 1), Flz1, 1))
=p, G(G(y2,22), F(z1,y1))
=p, G(G(y2,72), F(x2,y2))
2

= G (y271"2)

Continuing like this we get V m € NU {0},
F™(@1,y1) 2p F™(22,y2) and G™(y1,21) =p, G™(y2, 22)

That is by the definition of partial order on X x Y and Y x X we have ¥V m € NU {0}

(F™(x1,11), G™(y1,21)) <12 (F™(22,92), G (y2, 22))
and
(G™(y1, 1), F™(z1,11)) =21 (G™(y2, x2), F™ (2, 42))

Now, we prove the claim by the method of mathematical induction.
When k£ = 1 we have,

S;;(F(ﬂ?l,yl),"' 7F(xlay1)7F(x27y2))
< a Sy(x1,--,x1,22) + b Sy(y1, -+ Y1, 92)
= (a—i_b)[sz(xl? 7x17x2) +SZ(y17 7y17y2)]

A

and

Sy (Gyr, x1), -+, Gy1, 1), G(y2, 22))
= S;(Glya, x2),- -, Glya, 2), G(y1, 1))
< aS;(y2, - y2,y1) + b Sy(xa, -+ 22, 71)
< a Sy yy2) 0 S (e, T, 22)
< (a+0)[Sp(z1, -+ @1, 22) + S, (y1, -+, y1,42)]
Therefore claim is true for k = 1.

Now assume the claim for & < m and check for k = m + 1.
Consider,

Su(F™ @y, 1), F™ N @y, 1), F™ (22, 12))

=S; (F(Fm(xlayl)a G™(y1, 1)), - '7F(Fm(xhy1),Gm(y1,961))7F(Fm(m,yz),Gm(yQ,m)))
<aSy(F™1, 1), F™ (x1,51), F™ (22, 42)) +bS; (G™ (y1, 21), - - -, G™ (y1, 1), G (y2, 2))
<a (a+b)"[Sy(w1,- -+ 21, m2) + Sy(y1,- - 5 y1,42)]

+b (a"{'b)m[s;k;(mlv o 'axla$2)+S;(y17 o 'ay17y2)]

:(a + b)erl[S;(xlv @1, T2) + S;(yla T 73/1:3/2)]

Similarly we get,

Se(G™ M yr, 1), -+, G g1, 21), G (y2,m2)) < (a4 b)) TSk (@, 21, 22)
+SZ(?J17 Y, yQ)]
Thus the claim is true for all k£ € N.
Suppose that (z,y), (z*,y*) be any two F'G- coupled fixed points.

That is
F(z,y) =z and G(y,z) =y (23)
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and
F(a®,y") =2 and G(y",2%) = y° (24)
Case 1: If (x,y) and (z*,y*) are comparable, then

S;('T7 o '71‘356*) = S;(F(IE,Z/), o )F(xvy)vF(x*vy*))
<a Sy(w, - z,2%) + b Sy(y, -y, y") (25)

and

Adding (25) and (26) we get

S;(.T, 71‘733*)4‘5;(% Y Y ) (a+b) [S;:k(xa ,$,$*)+S;(y, 7yay*)]

which implies that Sy(z,---,z,2") + S;(y, -+ ,y,y") = 0 since a + b < 1.

Therefore we have, x = z* and y = y*.

Case 2: Suppose (x,y) and (x*,y*) are not comparable.

Then by the hypothesis there exist (u,v) € X x Y which is comparable to both (x,y) and (z*, y*).
Consider,

S;(I‘, o ,.’L‘,.CC*) = S;(Fk(x7y), o ,Fk(x,y),Fk(l‘*,y*))

<(n=1) S5 (F¥(@,y), - F(x,y), F¥(u,0)) + S5 (F* (2%, y7), - -, F*(a*, %), F* (u,0))
<(n—1) (a+ OHSL(E, 20) + S5 1 9,0)

Fat DMSIE", o w) + Sy 0)]
—0as k — ocosincea+b<1

Thus we have © = z*.
Consider,

Sy, Y, y7)
=Sy (G (y, @), , Gy, ), G*(y*, "))
<(n—1) S;(G*y,x), -+, G*(y, x), G*(v,u)) +55 (G*(y*, 27), -, GF(y*,2*), GF (v, )
<(n—1) (a+0)*[Si(x, -, u) + Sy(y, sy, 0)]
+Ha+b)F[Sh (", 2t u) + Sy, Ly )]
—0as k — ocosince a+b <1
Thus by Definition 1 (ii) we have y = y*.

Therefore, x = z* and y = y*
Hence the proof.

Remark 3. By takingn =2, a=0b= g, X =Y and F = G and assuming condition (I) and (II) of
the above theorem we get the Theorems 2.1 and 2.2 of Bhaskar and Lakshmikantham [?] respectively as
corollaries to our results.

Remark 4. By takingn =2, a=b= g, X =Y and F = G and assuming condition (I) and (III) of
the above theorem we get the Theorems 2.4 of Bhaskar and Lakshmikantham [?] as a corollary to our
results.

We illustrate the above theorem with the following example.
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Example 2. Let X =[0,00) and Y = (—o0, 0] with the usual order in R
Consider the S* metric on both X and Y as

S*(ay, - ,an)zzzmz‘*%
i=1 i<j
Define F: X XY > X and G:Y x X =Y by

2z — 3y 2y — 3x
F(z,y) = T and G(y,m) = T

Forz,u e X and y,v € Y with x <w and y > v we have

2x—3y<2u—3y 2y—3x>2y—3u
™m — Tm 7 Tm T Tn

and
20 =3y _2x—3v 2y—3x _ 2v—3zx
< >

™ ™m ™m T Tn

That is,
F(z,y) < F(u,y), G(y,x) 2 G(y,u) and F(z,y) < F(z,v), Gy, z) = G(v,z)

Therefore F' and G are mixed monotone mappings.
Next we show that F' and G satisfy the contractive type conditions (14) and (15)

2¢ — 3y 2u—3v

S*(F(l'vy% 7F($7y)aF(u>U)) = (n_ 1)

™m o
< 2 -Dlr—ul+ 2 (n-Dy—vl
< - n T—u - n y—v
= 2o )+ s )
- 7n x? ?x7u 7n y7 7y)v

and

2y -3z 2v—3u

S*(G(y,x),o'-,G(y,x),G(v,u)) = (’I’L*l)

™ ™
< 2 -Dly—vl+ > -1zl
< - n y—v - n T —u
= 2oy O) DS (- )
- 7n y7 7y7 7n ) b b

2 3
Therefore F' and G satisfy the contractive type conditions (14) and (15) for a = - and b = P

n n
Here (0,0) is the unique FG- coupled fized point.
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